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EDUUHO��7KHUHIRUH����PRUH�SHFNV�DUH�QHHGHG�
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�� $ �LV�WKH�VXP�RI�WKH�GLJLWV�RI�HDFK�VXFK
QXPEHU���$V����LV�D�PXOWLSOH�RI����HDFK�VXFK�QXPEHU�LV�D�PXOWLSOH�RI���DQG�VR�WRR
LV�WKH�GLIIHUHQFH�EHWZHHQ�WZR�RI�WKHP��7KXV�WKH�VPDOOHVW�IHDVLEOH�GLIIHUHQFH�LV���
7KH�WZR�QXPEHUV�������������DQG�������������VKRZ�WKDW�WKLV�FDQ�RFFXU�
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��� & 7KH�GLDJUDP�VKRZV�WKH�QXPEHU�RI�OLQHV�ZKLFK�PHHW�DW�WKH
YHUWLFHV ���:KHQ�WKH�SDWK�DURXQG�WKH�GLDJUDP
SDVVHV�WKURXJK�D�YHUWH[��LW�XVHV�XS�WZR�RI�WKH�HGJHV���6R��DSDUW
IURP�WKH�ILUVW�DQG�ODVW�YHUWH[�XVHG��HDFK�YHUWH[�PXVW�KDYH�DQ
HYHQ�QXPEHU�RI�HGJHV�PHHWLQJ�DW�LW���6R�ZH�DUH�REOLJHG�WR�XVH
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WRJHWKHU�ZLWK�LWV�UHYHUVH��VKRZV�WKDW�HLWKHU�LV�D�SRVVLEOH�VWDUW����,W�LV�D�IDFW�WKDW
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DOO�EXW����YHUWLFHV�KDYH�DQ�HYHQ�QXPEHU�RI�HGJHV�PHHWLQJ�WKHUH��
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KDV�EHHQ�DGGHG�WR�WKH�GLDJUDP��DV�VKRZQ��7KH�DQJOH�PDUNHG
�LV�HTXDO�WR�WKH�DQJOH�PDUNHG� �DV�WKHVH�DUH�DOWHUQDWH�DQJOHV
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DQJOHV�PDUNHG� �DQG� �WRJHWKHU�IRUP�RQH�LQWHULRU�DQJOH�RI
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�Note that the mean of two numbers lies midway between those two numbers��

��� $ /HW�WKH�DUHD�RI�WKH�VKDGHG�IDFH�EH� ��7KHQ�WKH�FXERLG�KDV�WZR�IDFHV�RI�DUHD
�DQG�IRXU�IDFHV�RI�DUHD� ��6R�LWV�WRWDO�VXUIDFH�DUHD�LV� �

7KHUHIRUH ��WKDW�LV� �
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6R�WKH�DUHD�RI�RQH�RI�WKH�YLVLEOH�XQVKDGHG�IDFHV�LV� �� × � FP� = �� FP�

��� $ ,Q�RUGHU�WKDW�WKH�ILJXUH�KDV�URWDWLRQDO�V\PPHWU\�RI�RUGHU����WKH
WKUHH�VTXDUHV�ZKLFK�DSSHDU�LQ�EODFN�PXVW�EH�VKDGHG��:KHQ
WKLV�KDV�EHHQ�GRQH��ZH�QRWH�WKDW�WKH�EURNHQ�OLQHV�VKRZQ�DUH
ERWK�OLQHV�RI�V\PPHWU\���6R�WKH�PLQLPXP�QXPEHU�RI�VTXDUHV
ZKLFK�PXVW�EH�VKDGHG�LV���



��� % 7KH�VPDOOHVW�SRVVLEOH�QXPEHU�RI�YRWHV�WKH�ZLQQHU�FRXOG�UHFHLYH�FRUUHVSRQGV�WR
WKH�VLWXDWLRQ�LQ�ZKLFK�WKH�QXPEHUV�RI�YRWHV�UHFHLYHG�E\�HDFK�RI�WKH�FDQGLGDWHV
DUH�DV�FORVH�WRJHWKHU�DV�SRVVLEOH��
$V ��DW�OHDVW�RQH�RI�WKH�FDQGLGDWHV�UHFHLYHV����YRWHV�RU�PRUH�
+RZHYHU��LW�LV�QRW�SRVVLEOH�IRU�WKH�ZLQQHU�WR�UHFHLYH����YRWHV��VLQFH�WKHUH�DUH�VWLOO
���YRWHV�WR�EH�DOORFDWHG�ZKLFK�PDNHV�LW�LPSRVVLEOH�IRU�HDFK�RI�WKH�RWKHU�WKUHH
FDQGLGDWHV�WR�UHFHLYH�IHZHU�WKDQ����YRWHV��6R�WKH�ZLQQHU�PXVW�UHFHLYH�PRUH�WKDQ
���YRWHV��,I�WKH�QXPEHUV�RI�YRWHV�UHFHLYHG�E\�WKH�FDQGLGDWHV�DUH���������������
WKHQ�WKHUH�LV�D�ZLQQHU�DQG��WKHUHIRUH�����LV�WKH�VPDOOHVW�QXPEHU�RI�YRWHV�WKH
ZLQQHU�FRXOG�UHFHLYH�
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WR�WUDYHO�WKH�ILUVW���P�RI�KLV�MRXUQH\��7KHUH�UHPDLQV�D�GLVWDQFH�RI��P�WR�EH
FRYHUHG�DQG�VR��DIWHU�D�IXUWKHU���GD\V��3HUL�LV�DW�*UDQQ\
V��7KHUHIRUH�WKH�OHQJWK�RI
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DGGLWLRQ����DSSHDUV�LQ�WKH�OLVW�DV�LW�LV�WKH�XQLWV�GLJLW�RI����DQG�DOVR�RI�PDQ\�RWKHU
SULPHV���+RZHYHU��DOO�QXPEHUV�ZLWK�XQLWV�GLJLW���DUH�HYHQ�DQG�WKHUHIRUH�QRW
SULPH��EHFDXVH�WKH�RQO\�HYHQ�SULPH�LV����6R�RQO\������������DSSHDU�LQ�WKH�OLVW�
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7KH�WRWDO�MRXUQH\�WLPH��WKHUHIRUH��LV����PLQXWHV��6R�*LOO�DUULYHV�DW�������
��� ' /HW�WKH�QXPEHUV�RI�VWDPSV�ERXJKW�E\�(YDULVWH�DQG�6RSKLH�EH� �DQG� �UHVSHFWLYHO\�x y

7KHQ ��WKDW�LV� ��$V�����KDV�UHPDLQGHU��
ZKHQ�GLYLGHG�E\����ZH�QHHG�D�PXOWLSOH�RI����ZKLFK�LV�WZR�PRUH�WKDQ�D�PXOWLSOH
RI����7KH�PXOWLSOHV�RI����OHVV�WKDQ�����DUH�������������������������������������2I
WKHVH�RQO\����LV�WZR�PRUH�WKDQ�D�PXOWLSOH�RI����6R�WKH�RQO\�SRVLWLYH�LQWHJHU
VROXWLRQV�RI�WKH�'LRSKDQWLQH�HTXDWLRQ� �DUH� � �
7KHUHIRUH�(YDULVWH�EX\V���VWDPSV��FRVWLQJ��������DQG�6RSKLH�EX\V���VWDPSV�
FRVWLQJ�������
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��� ( /HW ��7KHQ� �DV� �∠RTS = x° ∠RST = x° RS = RT
/HW ��7KHQ� �DV� �∠QUS = y° ∠QSU = y° QS = QU
$V �LV�D�VWUDLJKW�OLQH�� ��VR� �RSQ x + y + �� = ��� x + y = ���

1RZ ∠TPU = ���° − ∠TRS − ∠SQU
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��� ' �:H�PD\�DVVXPH�WKDW�WKH�SDUW\�LV�LQLWLDOO\�RQ�WKH�QHDU�EDQN�DQG�ZLVKHV�WR�FURVV
WR�WKH�IDU�EDQN��
,I�DQ�DGXOW�FURVVHV�WR�WKH�IDU�EDQN�WKHQ�WKHUH�KDV�WR�EH�D�FKLOG�ZDLWLQJ�WKHUH�WR
EULQJ�WKH�UDIW�EDFN��XQOHVV�DQ�DGXOW�LPPHGLDWHO\�EULQJV�WKH�UDIW�EDFN�í�EXW�WKLV
UHSUHVHQWV�D�ZDVWHG�MRXUQH\���7KLV�LV�SRVVLEOH�RQO\�LI�WKH�ILUVW�WZR�FURVVLQJV
LQYROYH�ERWK�FKLOGUHQ�FURVVLQJ�WR�WKH�IDU�EDQN�DQG�RQH�RI�WKHP�VWD\LQJ�WKHUH
ZKLOVW�WKH�RWKHU�EULQJV�WKH�UDIW�EDFN��7KH�WKLUG�FURVVLQJ�LQYROYHV�WKH�ILUVW�DGXOW
FURVVLQJ�WR�WKH�IDU�EDQN�DQG�RQ�WKH�IRXUWK�FURVVLQJ�WKH�FKLOG�ZDLWLQJ�RQ�WKH�IDU
EDQN�EULQJV�WKH�UDIW�EDFN�WR�WKH�QHDU�EDQN��6R�DIWHU�IRXU�FURVVLQJV��RQH�RI�WKH
DGXOWV�LV�RQ�WKH�IDU�EDQN�DQG�WKH�UHPDLQGHU�RI�WKH�SDUW\�LV�RQ�WKH�QHDU�EDQN��7KLV
SURFHGXUH�LV�UHSHDWHG�VR�WKDW�DIWHU�HLJKW�FURVVLQJV��ERWK�DGXOWV�DUH�RQ�WKH�IDU�EDQN
DQG�ERWK�FKLOGUHQ�DUH�RQ�WKH�QHDU�EDQN��$�QLQWK�DQG�ILQDO�FURVVLQJ�WKHQ�WDNHV
ERWK�FKLOGUHQ�WR�WKH�IDU�EDQN�

��� & 7KH�WKUHH�WUDSH]LD�KDYH����HGJHV�LQ�WRWDO��:KHQHYHU�WZR�WUDSH]LD�DUH�MRLQHG
WRJHWKHU�WKH�WRWDO�QXPEHU�RI�HGJHV�LV�UHGXFHG�E\�DW�OHDVW����7KHUHIRUH�WKH
PD[LPXP�SRVVLEOH�YDOXH�RI� �LV� ��$V�WKH�VKDSHV�IRUP�D
SRO\JRQ� �FDQQRW�EH�OHVV�WKDQ����7KH�GLDJUDPV�EHORZ�VKRZ�WKDW�DOO�YDOXHV�RI
IURP���WR���DUH�LQGHHG�SRVVLEOH��VR�WKHUH�DUH���GLIIHUHQW�YDOXHV�RI� �
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